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In the sequel, letWJR(K, φ, σ) = 〈KJR,R, C〉,WRP (KJR,R, C) = 〈KRP , C〉,
andWCP (KRP , C) = Kn. For the following lemmas, most of the proofs follow easily
from the definition of every wave. Hence, we provide the proofs that do not follow in a
straightforward manner.

Lemma 1. Cn(For(B(KJR))) 6= L.

Proof. If Cn({φ}) = L, then WJR contracts φ without adding it. There are two op-
tions, either (i) φ ∈ Cn(For(B(K))), or (ii) φ /∈ Cn(For(B(K))). In Case (i), it
follows that Cn(For(B(K))) = L. Hence, B(K) \ I(B(K) |= φ) will not contain any
kernel of φ thus eliminating any inconsistency that might be in For(B(K)). The reason
is that (a) φ will cease to follow if it used to follow, and (b) trivially {ψ,¬ψ} is a kernel
of φ for any ψ ∈ For(B(K)). In Case (ii), every choice of WJR contracts either ¬φ
or φ or both leaving no room for both φ and ¬φ to survive. Moreover, again, it holds
that if the belief base is itself inconsistent, then {ψ,¬ψ} for any ψ ∈ For(B(K)) is a
kernel of φ if φ is to be contracted or a kernel of ¬φ if in fact ¬φ is to be contracted.

Lemma 2. K ≺ψ KJR only if ψ = φ.

Proof. GivenWJR choices, only choice 1-(b) allows for the addition of a formula with
a higher degree than the one it used to have. Moreover, in choice 1-(b) the formula to
be added is φ.

Lemma 3. KJR ≺σ′ K only if σ′ = σ.

Lemma 4. There is no σ′ such that K ≺σ′ KJR

Lemma 5. KJR ≺φ K only if ¬φ ∈ Cn(For(B(K))).

Proof. We follow the choices of WJR to see that in every case where φ’s become
entrenched ¬φ ∈ Cn(For(B(K))).

1. Cn({φ}) = L and WJR decides on making B(KJR) = B(K) \ I(B(K) |=
φ). In this case, it follows that ¬φ ∈ Cn({}) and hence immediately ¬φ ∈
Cn(For(B(K))).

2. WJR decides on making B(KJR) = B(K) \ (I(B(K) |= ¬φ) ∪ {(φ, d1)}) ∪
{(φ, d2)}, where (φ, d1) ∈ B(K). It directly follows from the definition that d2 ≺b
d1 only if ¬φ ∈ Cn(For(B(K))).
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3. WJR decides on making B(KJR) = B(K) \ (I(B(K) |= φ) ∪ {(¬φ, d1)}) ∪
{(¬φ, d2)} only if (¬φ, d1) ∈ B(K). Also, it trivially follows that (¬φ, d1) ∈ B(K)
and hence ¬φ ∈ Cn(For(B(K))).

4. Finally,WJR decides on making B(KJR) = B(K) \ (I(B(K) |= ¬φ)∪ I(B(K) |=
φ)). This last case can happen if (i) φ /∈ Cn(For(B)) in which scenario φ can not
become less entrenched, or (ii) ¬φ ∈ Cn(For(B)).

Lemma 6. K ⊀¬φ KJR.

Lemma 7. (ψ, b1) ∈ B(K) and (ψ, b2) ∈ B(KJR) where b2 ≺b b1 only if ψ = φ or
ψ = ¬φ.

Lemma 8. For every ψ ∈ ∆, ψ ∈ Γ ⊆ For(B(K)) where Γ is a ¬φ-kernel or a
φ-kernel.

Proof. If a formulaψ is such thatKJR ≺ψ K it must be that either (i)ψ ∈ For(B(KJR))
or (ii) ψ /∈ For(B(KJR)). In case (i) given Lemma 7, ψ = φ or ψ = ¬φ and hence it
immediately follows that ψ ∈ Γ ⊆ For(B(K)) where Γ is a ¬φ-kernel or a φ-kernel.
In case (ii) it must be that ψ got contracted. Since the contracted formulas given WJR

choices are either in kernels of φ, ¬φ, or both, it again follows that for any ψ where
KJR ≺ψ K it is the case that ψ ∈ Γ ⊆ For(B(K)) where Γ is a ¬φ-kernel or a
φ-kernel.

Lemma 9. For every r ∈ R, r ./K ψ ∈ Γ ⊆ For(B(K)) where Γ is a ¬φ-kernel or
r ./KJR

φ.

Proof. Every r ∈ R is relevant to some formula in∆ or to σ. Since, given the last proof,
every formula in ∆ belongs to a kernel of either φ or ¬φ then it is either that r ./K ψ ∈
Γ ⊆ For(B(K)) where Γ is a ¬φ-kernel or that r ./K ψ ∈ Γ ⊆ For(B(K)) where Γ
is a φ-kernel. However, since relevance is an equivalence relation and more importantly
since φ will be recorded in the history if r ./K φ then r ./KJR

φ. Finally, in case
r ./KJR

σ, then, again, since relevance is an equivalence relation r ./KJR
φ.

Lemma 10. There is no ψ ∈ For(B(KRP )) (or σ′ ∈ SK∗ ) such that K ≺ψ KRP (or
K ≺σ′ KRP ).

Lemma 11. If KRP ≺ψ K (or KRP ≺σ′ K) then ψ ∈ R (or σ′ ∈ R).

Lemma 12. For(B(KRP )) ⊆ For(B(KJR))

Lemma 13. There is no ψ ∈ For(B(KCP )) (or σ′ ∈ SK∗ ) such that KCP ≺ψ K (or
KCP ≺σ′ K).

Lemma 14. If C = ∅ then there is no ψ ∈ For(B(KCP )) (or σ′ ∈ SK∗ ) such that
K ≺ψ KCP (or K ≺σ′ KCP ).

Lemma 15. If K ≺ψ KCP (or K ≺σ′ KCP ) then ψ ∈ C (or σ′ ∈ C).

Lemma 16. For(B(KCP )) = For(B(KRP ))
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Lemma 17. If ¬φ ∈ For(B(Kn)), then ¬φ ∈ For(B(KJR)).

Proof. If ¬φ ∈ For(B(Kn)), then by Lemma 16, ¬φ ∈ For(B(KRP )). Moreover, if
¬φ ∈ For(B(KRP )), then by Lemma 12, ¬φ ∈ For(B(KJR)).

Lemma 18. If KJR ≺ψ K, then Kn ≺ψ K.

Proof. If KJR ≺ψ K, then it must be the case that either:

1. (ψ, b1) ∈ B(K) and (ψ, b2) ∈ B(KJR) where b2 ≺b b1; or
2. ψ ∈ For(B(K)) and ψ /∈ For(B(KJR)).

Case 1 can only occur if ψ = φ or ψ = ¬φ given Lemma 7. In case ψ = φ, this
means C = ∅ and hence, given lemmas 2 and 10, no formula (including φ) will be
more entrenched in Kn. In case 2, given lemmas 12 and 16, it follows that if ψ /∈
For(B(KJR)) then ψ /∈ For(B(Kn)).

Observation 1. Cn(For(B(Kn))) 6= L.

Proof. Consistency is immediate as by lemmas 12 and 16, neitherWRP norWCP add
any formulas to the already consistent belief base we get from Lemma 1.

Observation 2. Kn ≺φ K only if Cn(For(B(K))) = L.

Proof. Supported entrenchment holds because starting from a consistent belief base
B(K) there are two possibilities (i) φ /∈ Cn(For(B(K))), or (ii) φ ∈ Cn(For(B(K))).
In Case (i), since φ /∈ Cn(For(B(K))), it follows that it can not become less en-
trenched. In case (ii) since φ ∈ Cn(For(B(K))) 6= L, given Lemma 5, φ can not be-
come less entrenched. Thus, all available choices for WJR are such that φ /∈ R which
means that φ can not get less entrenched by WRP given Lemma 11. Finally, since, by
Lemma 13,WCP can not make φ less entrenched, Kn ⊀φ K if Cn(For(B(K))) 6= L.

Observation 3. K ⊀¬φ Kn.

Proof. On revision, there are two possible scenarios (i) ¬φ /∈ Cn(For(B(Kn))), or
(ii) ¬φ ∈ Cn(For(B(Kn))). In Case (i) it follows that Kn ⊀¬φ K. In Case (ii),
by Lemma 17, ¬φ ∈ For(B(KJR)). Then, by lemmas 1 and 2 no formula will be
more entrenched in KJR. Also, given Lemma 1, φ /∈ For(B(KJR)) which means that
C = ∅. Thus, given lemmas 11 and 14, no formula (including ¬φ) will become more
entrenched in Kn.

Observation 4. If K ≺ψ Kn then K ≺φ Kn and φ .Kn ψ.

Proof. Belief confirmation is immediate as the only way for a formula ψ 6= φ to be-
come more entrenched, given lemmas 2 and 8, is during the confirmation propagation
wave that will only take place if φ becomes more entrenched in KJR. Moreover, given
Lemma 15, WCP only affects the confirmed set which exclusively contains formulas
supported by φ.

Observation 5. If Kn ≺ψ K, then
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1. ψ ./K ξ ∈ Γ ⊆ For(B(K)), Γ a ¬φ-kernel, with Kn ≺¬φ K;
2. ψ ./Kn φ with Kn ≺φ K; or
3. ψ ./Kn φ with Kn ≺σ K.

Proof. Let ψ be a formula such that Kn ≺ψ K. For ψ to become less entrenched, there
are four possible scenarios:

1. ψ = ¬φ and KJR ≺¬φ K (choice (c) where WJR makes ¬φ less entrenched
without contracting it);

2. ψ = φ and KJR ≺φ K WJR (choice (b) where WJR makes φ less entrenched
(without contracting it);

3. ψ got contracted during the joint revision wave byWJR; or
4. ψ got less entrenched during the refutation propagation wave byWRP .

Given Lemma 18, if WJR makes a formula less entrenched, then it can not become
more entrenched afterwards. Thus, in the first scenario, it is immediate that ψ ./K ¬φ
when Kn ≺¬φ K. Similarly for the second scenario, ψ ./Kn φ when Kn ≺φ K. In the
third scenario, it must be that ψ ∈ ∆ and in the last scenario it must be that ψ ∈ R.
Thus, by lemmas 8 and 9, if Kn ≺¬φ K then ψ ./K ξ ∈ Γ ⊆ For(B(K)) with Γ
a ¬φ-kernel, and if Kn ≺φ K then ψ ./Kn ξ ∈ Γ ⊆ For(B(K)) with Γ a φ-kernel
which directly yields ψ ./Kn φ. Finally, in the limiting case where φ is rejected without
getting less entrenched, if Kn ≺σ K, then σ ∈ δ and hence if ψ ./K σ, then ψ ./Kn φ.

Observation 6. If K ≺σ′ Kn then K ≺φ Kn and

1. φ .Kn σ
′ 6= σ; or

2. σ′ = σ and there is Γ ⊆ For(B(Kn)) where Γ is a σ-independent φ-kernel.

Proof. Given lemmas 4 and 10, no source will become more trusted unless during the
confirmation propagation wave which only takes place if φ gets more entrenched. Fur-
ther, WCP only considers the confirmed set and the only sources (other than σ) that
exist in the confirmed set are those supported by φ. Finally, for σ to be included in the
confirmed set it must be that Γσφ 6= ∅.

Observation 7. If Kn ≺σ′ K, then

1. σ′ ./K ψ and Kn ≺ψ K; or
2. σ′ ./Kn φ and φ /∈ Cn(For(B(Kn))).

Proof. Only σ could become less trusted by WJR, given Lemma 3, which can only
occur if φ /∈ Cn(For(B(Kn))) in which case clearly σ ./Kn φ. Further, any source σ′

could get less trusted if σ′ ∈ R which means that (i) σ′ ∈
⋃
ψ∈∆

[ψ]./K , or (ii) σ′ ./Kn σ

if δ 6= ∅. In Case (i) it follows that σ′ ./K ψ ∈ ∆ and every ψ ∈ ∆ is such that
Kn ≺ψ K. Lastly, in Case (ii) it immediately follows that since σ′ ./Kn σ, σ′ ./Kn φ.

Observation 8. H(Kn) = H(K) ∪ {(φ, σ)}

Proof. This directly follows as onlyWJR manipulates the history by setting it toH(K)∪
{(φ, σ)}
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Observation 9. If φ ∈ Cn(For(B(Kn))) then φ ∈ For(B(Kn))

Proof. On revision,WJR would either contract φ or accept φ. In both the two scenarios
where WJR accepts φ (choices 1-(a) and 1-(b)) we have (φ, d) ∈ For(B(KJR)) for
some d ∈ Db. Then, we have two possibilities, either thatKJR ⊀φ K, orKJR ≺φ K. If
KJR ⊀φ K then φ /∈ R and hence by lemmas 11, 12, and 16 φ ∈ For(B(Kn)). On the
other hand, ifKJR ≺φ K then φ ∈ R. The only way for φ /∈ For(B(Kn)) is that it was
contracted by WRP . However, WRP only contracts formulas in FR(R) such that any
formula in FR(R) is not in Cn(B(KRP )). Thus, if φ ∈ Cn(For(B(KRP ))) then φ /∈
FR(R) and hence φ ∈ For(B(KRP )). Hence, given Lemma 16 φ ∈ For(B(Kn)).

Theorem 1. An operator is an information revision operator if and only if it is a rele-
vant change propagation operator.

Proof. The proof has two directions. First, we need to show that (i) a relevant change
propagation operator is an information revision operator. Then, we need to show that (ii)
any information revision operator could be captured by a relevant change propagation
operator. (i) follows from observations 1-9. Consequently we now need to prove (ii).

In order to prove that an information revision operator is a relevant change prop-
agation operator, We show that there are three functions WJR, WRP , and WCP such
that their compositionWCP (WRP (WJR(K, φ, σ))) = Kn (φ, σ) for any information
revision operator n.

Let K = 〈B, T ,H〉 and K n (φ, σ) = K∗ = 〈B∗, T ∗,H∗〉.
Given belief consistency (n1), supported entrenchment (n2), and opposed entrench-

ment (n3), an n operator on revising with (φ, σ) has only the following options which
we show how they map to the choices ofWJR:

i If φ,¬φ /∈ Cn(For(B)), then ¬φ /∈ Cn(For(B∗)) and
(a) φ /∈ Cn(For(B∗)); or
(b) (φ, d) ∈ B∗.

ii If φ ∈ Cn(For(B)) and ¬φ /∈ Cn(For(B)), then ¬φ /∈ Cn(For(B∗)) and
(a) (φ, d) ∈ B∗ where (φ, d) ∈ B; or
(b) (φ, d2) ∈ B∗ where d2 �b d1 and (φ, d1) ∈ B.

iii If ¬φ ∈ Cn(For(B)) and φ /∈ Cn(For(B)), then
(a) φ,¬φ /∈ Cn(For(B∗));
(b) ¬φ ∈ Cn(For(B∗)) and φ /∈ Cn(For(B∗));
(c) (¬φ, d) ∈ B∗ where (¬φ, d) ∈ B and φ /∈ Cn(For(B∗));
(d) (¬φ, d2) ∈ B∗ where d2 ≺b d1, (¬φ, d1) ∈ B, and φ /∈ Cn(For(B∗)); or
(e) (φ, d) ∈ B∗ and ¬φ /∈ Cn(For(B∗)).

iv If φ,¬φ ∈ Cn(For(B(K))
(a) φ,¬φ /∈ Cn(For(B∗));
(b) ¬φ ∈ Cn(For(B)) and φ /∈ Cn(For(B));
(c) (¬φ, d) ∈ B∗ where (¬φ, d) ∈ B and φ /∈ Cn(For(B∗));
(d) (¬φ, d2) ∈ B∗ where d2 ≺b d1, (¬φ, d1) ∈ B, and φ /∈ Cn(For(B∗));
(e) (φ, d) ∈ B∗ where (φ, d) ∈ B and ¬φ /∈ Cn(For(B∗));
(f) (φ, d2) ∈ B∗ where d2 �b d1, (φ, d1) ∈ B and ¬φ /∈ Cn(For(B∗)); or
(g) (φ, d2) ∈ B∗ where d2 ≺b d1, (φ, d1) ∈ B and ¬φ /∈ Cn(For(B∗)).
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Cases i-(b), ii-(a), and iii-(e) map to WJR’s choice 1-(a). Case iv-(f) also maps
to WJR’s choice 1-(a) where d2 ≡b d1. Cases ii-(b), iv-(f), and iv-(g) correspond to
WJR’s choice 1-(b). Further, cases iii-(b) (if φ /∈ (B(K)), iii-(c) where d2 ≡b d1, iii-
(d) where d2 ≺b d1, iv-(b), iv-(c) where d2 ≡b d1, and iv-(d) with d2 ≺b d1 map to
WJR’s choice 1-(c). Finally, cases i-(a), iii-(a), and iv-(a) map toWJR’s choice 1-(d).

Having proven that any operator observing the first three postulates is captured by
WJR, we now turn our attention to the rest of the postulates. Let (ψ, d1) ∈ B and
(ψ, d2) ∈ B∗ where d2 �b d1. It must be that either ψ = φ or ψ 6= φ. Then, by belief
confirmation (n4), ψ 6= φ is supported by φ. Thus, if ψ ∈ R (there is an inconsistency
for example ψ ./K ¬φ and ψ ./K φ), WRP is constructed in a way where ψ’s degree
d1 is unchanged, then WCP is constructed to output d2 for ψ given d1. In case ψ = φ
then WJR could be constructed to output d2 for φ given d1 and then WRP and WCP

could be constructed not to change φ’s degree (d2).
Similarly, Let (σ′, d1) ∈ T and (σ′, d2) ∈ T ∗ where d2 �t d1. Thus, by trust

confirmation (n6), it must be that K ≺φ K∗ and (i) φ . σ′ 6= σ, or (ii) σ′ = σ and
Γσφ 6= ∅. In both cases, it must be that σ′ ∈ C (because trivially σ is supported by φ).
Hence, WRP could be constructed in such a way not to change σ’s degree of trust (if
σ′ ∈ R) and thenWCP is constructed in a way to output d2 for σ′ given d1.

On the other hand, let (ψ, d1) ∈ B and (ψ, d2) ∈ B∗ where d2 ≺b d1. Thus, given
belief refutation (n5) it must be that (i) ψ ./K ξ with ξ is in a ¬φ-kernel andK∗ ≺¬φ K,
(ii) ψ ./K∗ φ and K∗ ≺φ K, or (iii) ψ ./K∗ φ and K∗ ≺σ K. Hence, given in all cases,
ψ ∈ R. If ψ = ¬φ (or ψ = φ), thenWJR could be constructed to output d2 for ¬φ (φ)
given d1 and then WRP could be constructed in a way not to change d2 for either ¬φ
or (φ). However, if ψ 6= φ and ψ 6= ¬φ, thenWRP could be constructed in such a way
to output d2 for ψ given d1. If ψ ∈ C thenWCP could be constructed not to change d2
for φ given d1. Moreover, if ψ ∈ For(B) and ψ /∈ For(B∗) then if (i) ψ ∈ Γ where Γ
is a ¬φ-kernel and ¬φ /∈ For(B∗) then I could be designed such that ψ ∈ I(B |= ¬φ).
Similarly, if (ii) ψ ∈ Γ where Γ is a ¬φ-kernel and φ /∈ For(B∗) then I could be
designed such that ψ ∈ I(B |= φ). If both (i) and (ii) do not hold, FR(R) could be
designed such that ψ /∈ FR(R).

Lastly, let (σ′, d1) ∈ T and (σ′, d2) ∈ T ∗ where d2 ≺t d1. It is either that σ′ 6= σ
or σ′ = σ. Thus, given trust refutation (n7) it must be that (i) σ′ ./K ψ and Kn ≺ψ K,
or (ii) σ′ ./Kn φ and φ /∈ Cn(For(B(Kn))). In case (i), σ′ ∈ R. Hence, WRP could
be constructed in such a way to output d2 for σ′ given d1. If σ′ ∈ C thenWCP could be
constructed in a way not to change d2 for σ′. If σ′ = σ thenWJR could be constructed
in such a way to output d2 for σ given d1 and then WRP (and WCP if it happens that
σ ∈ C) could be constructed in such a way that will not change d2 for σ.

Thus, given B and T , every formula-degree pair in B∗ and every source-degree
pair in T ∗ could be produced by the some selection ofWCP (WRP (WJR(K, (φ, σ)))).
Further, givenH,H∗ is immediately the same as the one produced byWJR. Finally, if
φ ∈ For(B) it is also the case that φ ∈ For(B∗) given WJR’s choices 1-(a) and 1-(b)
and the proof is complete.
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